In studies of high energy pp andpp scattering, the odd (under crossing) forward scattering amplitude accounts for the difference between the pp andpp cross sections. Typically, it is taken as
The conventional odd (under crossing) laboratory forward scattering amplitude used for pp andpp scattering, suggested by Regge theory, is
which results in ∆σ ≡ σ pp − σp p → 0, ∆ρ ≡ ρ pp − ρp p → 0 as s → ∞. Nicolescu et al [1, 2, 3] have introduced odd amplitudes called "odderons", with the interesting properties that they can have ∆σ →non-zero constant to even having ∆σ → ln s/s 0 as s → ∞.
There has been mounting evidence from many sources that the crossing-even hadron-hadron cross section behaves at high energy as ln 2 s, thus saturating the Froissart bound, a result with a rather profound physical significance. Using factorization and simultaneously fitting real analytic forward scattering amplitudes to γγ cross sections, γp cross sections and pp andpp cross sections and ρ-values, Block and Kang [4] have shown that a ln 2 s fit, saturating the Froissart bound, is in accord with the experimental data. The COMPETE group [5] , globally fitting hadron-hadron cross sections, has offered evidence that favors a ln 2 s behavior at high energies. Igi and Ishida [6, 7] have shown that the π ± p systems and the pp andpp systems saturate the Froissart bound, using finite energy sum rules. Kang and Nastase [8] proved that saturation of the QCD Froissart bound is related to the creation of black holes of AdS size in Planckian scattering. Block and Halzen have shown that the Froissart bound is saturated for the γp system [9] , the π ± p systems and the pp andpp systems [10] , i.e., the even (under crossing) cross section rose asymptotically as ln 2 s. For their nucleon-nucleon analysis they used 4 analyticity constraints that anchored the high energy cross section parametrizations to both the experimental pp andpp cross sections and their first derivatives at √ s = 4 GeV, giving fits with the smallest statistical parameter errors. This technique completely ruled out the possibility of an asymptotic ln s rise. In this communication we extend their analysis to include "odderons".
Block and Cahn [11] made an odderon analysis of pp andpp scattering in 1985 that put limits on odderon amplitudes. Since we will later want to directly compare our results with theirs, we will use their notation. Using forward real analytic amplitudes to describe the data, they wrote [11] the crossing-even real analytic laboratory amplitude for forward high energy scattering as
and the conventional crossing-odd real analytic forward amplitude as
Here α < 1 parametrizes the Regge behavior of the crossing-odd amplitude which vanishes at high energies and A, α, β, c, D, s 0 and µ are real constants. The variable s is the square of the center of mass system (c.m.) energy, p is the laboratory momentum. The additional real constant f + (0) is the subtraction constant at ν = 0 needed to be introduced in a singly-subtracted dispersion relation [11] , [14] . Again, following Block and Cahn [11] , we now introduce three types of odderon laboratory amplitudes for forward scattering, f
− , where j = 0, 1, or 2. Introducing the laboratory energy ν = p 2 + m 2 , where m is the proton mass, they are: combine these odderons individually with the conventional odd amplitude of Eq. (3) to form a new total odd amplitude. Since it is pure real, the amplitude f (0) − only causes a small splitting in the ρ-values at high energy; the amplitude f
− has a constant imaginary part, so that it leads to a constant non-zero ∆σ, while its real part causes the ρ-values to split apart at high energy ; finally, the amplitude f (2) − has an imaginary part that causes ∆σ → ln(s/s 0 ) as s → ∞, along with a real part that causes a substantial splitting of the ρ-values at high energies. We have chosen these amplitudes to be identical to those that were used by Block and Cahn [11] in their work, so that at the end of our analysis we can make a direct comparison of our odderon coefficients ǫ (j) with theirs. We comment that that these real analytic forward scattering amplitudes, Eq. (2)-Eq. (6), can also be derived as solutions to derivative dispersion relations [2] .
Using the optical theorem and our laboratory forward scattering amplitude normalization, we write
the even and odd (under crossing) cross sections due to the even and odd forward laboratory amplitudes f + and f − , respectively. These cross section sums and differences
give rise to the pp and thepp cross sections, respectively. We remind the reader that the optical theorem states that the cross section contributions of the amplitudes of Eq. (4), Eq. (5) and Eq. (6) are obtained by multiplying Im f − -we obtain the total cross sections σ ± (j) and ρ ± (j) , the ratios of the real to the imaginary portion of the forward scattering amplitude, for j = 0, 1, 2, as
where the upper sign is for pp and the lower sign is forpp scattering.
We now introduce the definitions
After some algebraic manipulations, the cross sections σ ± (j) and the ρ-values ρ ± (j) , along with the cross section derivatives
in the high energy limit where s → 2mν, where the upper sign is for pp and the lower sign is forpp scattering. Units of σ in mb, and ν and m in GeV, where m is the proton mass, will be used. We will use µ = 0.5 , the value 1 used by Block and Halzen [10] , which is appropriate for a Regge-descending trajectory. The new even coefficients c 0 , c 1 , c 2 ,, β P ′ and the odd coefficient δ, along with the exponents µ and α, are all real. These transformations linearize Eq. (23), Eq. (26) and Eq. (29) in the parameters c 0 , c 1 , c 2 , β P ′ and δ, convenient for a χ 2 fit to the experimental total cross sections and ρ-values. We will use new analyticity constraints [13] in the fitting of thepp and pp data that anchor the theoretical cross sections and their derivatives of our high energy parametrization with experimental cross sections and their derivatives at a transition energy ν 0 which is just above the resonance region. Let σ + and σ − be the total cross sections for pp andpp scattering. It is convenient to define 4 experimental quantities evaluated at the transition energy ν 0 . The transition energy ν 0 is a low energy after which resonance behavior finishes. Following Block and Halzen [10] , we will choose ν 0 = 7.59 GeV (corresponding to √ s 0 = 4 GeV).
We now introduce 4 new well-determined experimental quantities, 2 crossing even quantities σ av and m av and 2 crossing-odd quantities ∆σ and ∆m,
capitalizing on the very accurate low energy experimental pp andpp cross section data that are available.
Using σ av and m av , we now write the 2 crossing-even analyticity constraint equations as
reiterating that Eq. (33) and Eq. (34) utilize the experimental even cross section σ av and its slope m av evaluated at the transition energy ν 0 , where we join on to the asymptotic fit. The situation is a little more complicated for the crossing-odd constraints. For odderon 0, we have
whereas for odderon 1, we find
and for odderon 2,
where s 0 = 22.9 GeV 2 , which is the approximate value of s 0 found from the fit parameters of Table 2 , using Eq. (19). Again, the crossing-odd constraints ∆σ and ∆m are fixed by the experimental pp andpp cross sections and their derivatives at the transition energy ν 0 .
Utilizing the rich amount of accurate low energy data at the transition energy ν 0 , we have now constrained our high energy fit at ν 0 = 7.59 GeV [10] . For safety, the data fitting is started at an energy ν min = 18.25 GeV (corresponding to √ s min = 6 GeV), appreciably higher than the transition energy (see footnote 1).
The appropriate cross sections and slopes, taken from ref. [10] , are summarized in Table 1 , along with the minimum energies used in the asymptotic fits (see footnote 1). Very local fits had been made to the region about the energy ν 0 in order to evaluate the two cross sections and their two derivatives at ν 0 that were needed in the above constraint equations. We next impose the 4 constraint equations arising from analyticity [13] :
• For Odderon 0, the Equations (33), (34), (35) and (36), are used in our χ 2 fit to Equations (23) and (24).
• For Odderon 1, the Equations (33), (34), (37) and (38), are used in our χ 2 fit to Equations (26) and (27).
• For Odderon 2, the Equations (33), (34), (39) and (40) are used in our χ 2 fit to Equations (29) and (30).
We stress that the odd amplitude parameters α and δ and hence the odd amplitude itself is completely determined by the experimental values ∆m and ∆σ at the transition energy ν 0 and the value of ǫ (j) , j = 0, 1, 2. Further, the even amplitude parameters c 0 and β ′ P are now determined by c 1 and c 2 , along with the experimental values of σ av and m av at the transition energy ν 0 . In particular, we only fit the 4 parameters c 1 , c 2 , f + (0) and ǫ (j) , j = 0, 1, 2. Since the subtraction constant f + (0) enters only into the ρ-value determinations, of the original 8 free parameters that were needed to be fit for a ln 2 s energy dependence of the cross sections σ ± , only the 3 parameters c 1 , c 2 and ǫ (j) , j = 0, 1, 2 are now free, giving us exceedingly little freedom in this fit-it is indeed very tightly constrained, with little latitude for adjustment.
The adaptive Sieve algorithm [15] that minimizes the effect that "outliers"-points with abnormally high contributions to χ 2 -have on a fit when they contaminate a data sample that is otherwise Gaussianly distributed is described in Refs. [10] and [15] . The sieved data set that we will use for our χ 2 fit to σ pp , σp p , ρ pp and ρp p for √ s ≥ 6 GeV is detailed in Ref. [10] , where Block and Halzen found that the 25 points that were screened out had a χ 2 contribution of ≈ 980, an average value of ≈ 39, using the cut ∆χ 2 i max = 6. For a Gaussian distribution, about 3 points with ∆χ 2 i > 6 are expected, giving a total χ 2 contribution of slightly more than 18 and not 980. The effect of the "Sieve" algorithm in ridding the data sample of outliers is major. Table 2 summarizes the results of our 3 simultaneous fits to the available accelerator data, using the sieved data set of ref. [10] which was obtained after using the "Sieve" algorithm on the Particle Data Group [16] compendium for σ pp , σp p , ρ pp and ρp p , using a minimum fitting energy √ s min = 6 GeV and imposing the cut ∆χ 2 i max = 6. The fits were made using 4 constraint equations with a transition energy √ s 0 = 4 GeV, for odderons 0, 1 and 2. Very satisfactory probabilities (∼ 0.2) for 183 degrees of freedom were found for all 3 odderon choices.
We summarize our results below:
• Odderon 0: Figure 1 shows the individual fitted cross sections (in mb) for pp andpp for odderon 0 in Table 2 , plotted against the c.m. (center-of-mass) energy √ s, in GeV. The data shown are the sieved data which have energies √ s ≥ 6 GeV. The fits to the data sample with ∆χ 2 i max = 6, corresponding to the dotted curve forpp and the solid curve for pp, are excellent, yielding a total renormalized χ 2 = 201.2, for 183 degrees of freedom, corresponding to a fit probability of ∼ 0.2. Figure 2 shows the simultaneously fitted ρ-values for pp andpp for odderon 0 from Table 2 , plotted against the c.m. energy √ s, in GeV. The data shown are the sieved data with √ s ≥ 6 GeV. The solid curve forpp and the dotted curve for pp fit the data reasonably well. It should be noted from Table 2 that the magnitude of odderon 0 is ǫ (0) = −0.034 ± 0.073 mb, a very small coefficient. Indeed, it is compatible with zero.
• Odderon 1: Figure 3 shows the individual fitted cross sections (in mb) for pp andpp for odderon 1 in Table 2 , plotted against the c.m. energy √ s, in GeV. The data shown are the sieved data which have energies √ s ≥ 6 GeV. The fits to the data sample with ∆χ 2 i max = 6, corresponding to the dotted curve forpp and the solid curve for pp, are excellent, yielding a total renormalized χ 2 = 200.9, for 183 degrees of freedom, corresponding to a fit probability of ∼ 0.2. Figure 4 shows the simultaneously fitted ρ-values for pp andpp for odderon 1 from Table 2 , plotted against the c.m. energy √ s, in GeV.
The data shown are the sieved data with √ s ≥ 6 GeV. The solid curve forpp and the dotted curve for pp fit the data reasonably well. It should be noted from Table 2 that the magnitude of odderon 1 is ǫ (1) = −0.0051 ± 0.0077 mb, a very tiny coefficient which is again compatible with zero.
• Odderon 2: Figure 5 shows the individual fitted cross sections (in mb) for pp andpp for odderon 2 in Table 2 , plotted against the c.m. energy √ s, in GeV. The data shown are the sieved data which have energies √ s ≥ 6 GeV. The fits to the data sample with ∆χ 2 i max = 6, corresponding to the dotted curve forpp and the solid curve for pp, are excellent, yielding a total renormalized χ 2 = 196.1, for 183 degrees of freedom, corresponding to a fit probability of ∼ 0.2. Figure 6 shows the simultaneously fitted ρ-values for pp andpp for odderon 2 from Table 2 , plotted against the c.m. energy √ s, in GeV.
The data shown are the sieved data with √ s ≥ 6 GeV. The solid curve forpp and the dotted curve for pp fit the data reasonably well. It should be noted from Table 2 that the magnitude of odderon 2 is ǫ (2) = 0.0042 ± 0.0019 mb, a very tiny coefficient which is only about two standard deviations from zero.
In Table 3 , we make predictions of total cross sections and ρ-values forpp and pp scattering for odderon 2 of Table 2 . Only for very high energies above √ s = 14 TeV is there any appreciable difference between ρp p and ρ pp , as seen in Fig. 6 . In fact, the results of all 3 fits are very close to what was found in ref. [10] , where there were no odderon amplitudes, but had virtually identical χ 2 /d.f. These new upper limits on odderon amplitudes are to be contrasted to the analysis made in 1985 by Block and Cahn [11] , where they found ǫ (0) = −0.25 ± 0.13 mb, ǫ (1) = −0.11 ± 0.04 mb and ǫ (2) = −0.04 ± 0.02 mb, which were about two standard deviations from zero, but with errors of almost 2 to 10 times larger than the limits found in this note. Our marked increase in present accuracy is attributable to the use of the 4 analyticity constraints [13] employed in the present analysis, as well as to the use of the improved sieved data set [10, 15] , which also has higher energy points than were available in 1985.
In conclusion, the magnitude of all three odderon amplitudes, ǫ (0) = −0.034±0.073 mb, ǫ (1) = −0.00051± 0.0077 mb and ǫ (2) = 0.0042 ± 0.0019 mb, in comparison to all of the other amplitudes found in the fittypically of the order of 1.5 to 40 mb-are very tiny. Indeed, all 3 are compatible with zero and we now can set new upper limits a factor of 2 better for ǫ (0) , a factor of 5 better for ǫ (1) and a factor of 10 better for the maximum odderon ǫ (2) . An accurate measurement of the ρ-value at the LHC, where Block and Halzen [10] predict ρ pp = 0.132 ± 0.001 when odderon amplitudes are zero and our prediction from from Table 3 is ρ pp = 0.141 ± 0.005, would really constrain the maximal odderon amplitude ǫ (2) . m is the proton mass and ν is the laboratory proton energy Table 1 : The transition energy parameters and minimum fitting energy used for constraining pp andpp scattering.
Taken from ref. [10] . 
